The Epidemic-Driven Collapse in a System with Limited Economic Resource by Gandzha, I. S. et al.
ar
X
iv
:2
00
6.
06
64
2v
1 
 [p
hy
sic
s.s
oc
-p
h]
  1
1 J
un
 20
20
The Epidemic-Driven Collapse in a System with Limited Economic Resource
S. P. Lukyanets,1 I. S. Gandzha,1 and O.V. Kliushnychenko1
1Institute of Physics, Nat. Acad. of Sci. of Ukraine, Prosp. Nauky 46, Kyiv 03028, Ukraine∗
(Dated: June 12, 2020)
We consider the possibility of social and economical collapse of population caused by epidemics.
We exploit a simplest toy model with negative feedback for the dynamics of epidemic spreading
in population with its mutual influence on some formal resource (economical, financial, etc). For
epidemics spreading we use the simple SIS model, supplemented with the simplest equation for the
dynamics of the resource whose generation is determined by the active labor resource. We note
that the patient’s characteristic rehabilitation rate or recovery time depends on the cost of health
services, cost of the bare subsistence level of consumption, E, and the availability of some formal
resource ρ, e.g. money. Since the cost of services is fixed, the service is terminated if there is not
enough personal, private, or collective financial resource ρ ≪ E, the service is absent. Therefore,
we suppose that recovery rate should have an activation character ∼ exp(−E/ρ). We show that
depending on the rate of epidemics spreading and on the availability of formal resource, the system
can come back to normal life, can overcome the stress or move to another stable but more “poor”
state. Otherwise, the system can collapse. While collapsing, the system can pass through a number
of quasi-stable states, its dynamics being resembling the so-called devil’s staircase.
INTRODUCTION
Generally speaking, the purpose of any spreading pro-
cess simulation is to answer two questions: “How will it
happen?” and “What specifically has to be done?” Im-
plicitly, here is yet another question: “What do we want?”
In this connection, it should be remembered that every-
thing must be paid for.
In other words, the use of one or another action strat-
egy reduces to the classical problem of Choice—the defi-
nition of the Sacrifice, when the salvation of someone or
something is only possible at the expense of the other
one. A dramatic example is the spread of COVID-19,
when different countries resort to different quarantine
measures [1]. Countries with a higher resource level (eco-
nomic or financial) can use strict quarantine measures,
while for countries with a lower resource the use of such
measures can lead to the economic collapse, at least for
a number of industries and/or social groups.
The problem of strategy selection reduces to prob-
lems of optimal control theory for feedback systems (the-
ory of games in the more general case [2]), when the
equations describing the spreading dynamics are supple-
mented with equations for the dynamics of some formal
“resource” (see, e.g. Ref. [3]).
There are whole classes of models, varying in difficulty
levels and approximations, for the description of spread-
ing processes, including dynamical systems, e.g. [4–9],
originating from classical works [10–12]; the models, tak-
ing into account the spatial flows, e.g., diffusion (see e.g.
[7]), stochastic models, e.g., [13]; and models, accounting
for non-trivial spatial structure or topology, e.g., [14, 19].
The common feature of most of these models is the pres-
ence of kinetic coefficients or parameters which charac-
terize the probability of elementary processes, reactions,
per unit of time. These model parameters (constants)
determine the instability points and characteristic rates
of instability growths in a system. One of the basic con-
stants in spreading models is the reaction cross-section
or its characteristic rate. For instance, infection reac-
tion, which is associated with scattering of infected on
spatiotemporal fluctuations of population density. As
is known [20], the infection probability depends non-
monotonically on population density: at low densities,
low probability of scattering of infected on susceptible
ones leads to small values for the total cross-section of
infection reaction, while at high densities, the mobility
of spreaders decreases, that also mitigates the spread-
ing process. Moreover, the scattering of spreaders on lo-
cal population-density fluctuations should determine the
concentration critical value of secondary infected, enough
for initiation of the collective process, i.e., epidemics. In
general, the problem of kinetic description of spreading
is quite complex and needs to account the changes in
the internal state of spreaders in course of collisions, the
presence of spatial inhomogeneity of the system and its
non-equilibrium properties.
In this paper, we would like to draw attention to an-
other constant that corresponds to characteristic relax-
ation times, namely the characteristic rate of rehabilita-
tion of the infected individuals and their return to nor-
mal social activity. Let us make one observation. The
characteristic rate of rehabilitation or recovery is deter-
mined by the individual peculiarities of the person and
generally are not social group dependant. In addition,
it is determined by the quality of the provision of medi-
cal services and food. The quickest recovery depends on
the cost of medical services, the bare subsistence level
of consumption, E, and the availability of some resource
ρ, e.g. money. Since the cost of services is fixed, the
service is terminated if there is not enough personal, pri-
vate, or collective financial resource (ρ ≪ E). In other
2words, there is an analog of some energy barrier, with the
parameter E serving as its height. Therefore, it can be
assumed that the rehabilitation rate should have an acti-
vation character, ∼ exp(−E/ρ), similar to the tempera-
ture dependence of the activation process with activation
energy E, see, e.g., [21–23].
The presence of activation process means the possibil-
ity of so-called explosive instability in the system, e.g.,
when the chemical reaction goes with heat release and
has activated character, then the higher the temperature
the faster the reaction rate, that leads to even more tem-
perature increase and, as a result, to so-called Zeldovich–
Frank-Kamenetskii explosive instability [24–26]. In our
case, the opposite process is possible. The spread of
epidemics as well as handling the epidemics (quarantine
measures) involves additional expenses, that leads to de-
cline in production of collective formal resource ρ. The
resource decrease leads to reduction of possibility to re-
ceive comprehensive services, decrease in rehabilitation
(recovery) rate, i.e., to decrease in the number of active
members of the population. This, in turn, leads to fur-
ther decline in collective resource production and, thus,
to further decline in level of incomes needed for basic
survival, i.e., to the total system collapse.
To qualitatively understand what the consequences
might be from the presence of activation mechanism of re-
laxation and to illustrate a number of possible effects, we
resort to simple, toy model with feedback, based on dy-
namical systems, that describes the formal demographic
(labor) and economical resource, which is more suitable
for the description of primitive community or family. As
a basis for epidemics dynamics description we use sim-
plest SIS model, and a simple equation for the formal re-
source dynamics, which generation is determined by the
number of active members of population [27]. In partic-
ular, we show that, depending on the speed of epidemics
spreading and on the presence of formal resource, the sys-
tem can come back to normal life, can handle the stress
and move to another stable but more poor state. Oth-
erwise, the system can collapse. While collapsing, the
system can pass through an array of quasi-stable states,
its dynamics being resembling the “devil’s staircase”.
Consider a simplified model where some social group
of individuals is subdivided into two compartments: sus-
ceptible (S) and infected (I). The susceptible individuals
are infected at some transmission rate β, which is defined
as a product of the contact rate and the probability that
a contact of infected individual with a susceptible indi-
vidual results in transmission. The infected individuals
recover and become susceptible again with some recovery
rate Γi, which identifies the probability of recovery per
unit time and is estimated as the reciprocal of the mean
time spent in the infectious class. The recovery process is
governed by the general economic situation described by
some integral activation parameter E which reflects the
cost of medical and other essential life services as well
as the bare subsistence level of consumption. The corre-
sponding mathematical model is given by the following
two ODEs:
∂ts = −β s (1− s) + Γi e
−E/ρ (1− s),
∂tρ = Gs− Γρ ρ− Λ,
(1)
where the operator ∂t stands for the derivative with re-
spect to time t. Here s is the number density of sus-
ceptible individuals and i = 1 − s is the number density
of infected individuals. The total number of susceptible
and infected individuals is assumed to be constant. The
initial conditions at t = 0 are taken as
s(0) = 1− i0, i(0) = i0, ρ(0) = ρ0, (2)
i0 being the initial number density of infected individuals.
The function ρ represents some general “resource”. For-
mally it corresponds to the collective product or earned
money. The production of this resource per unit time is
proportional to the number density of working individ-
uals, s (the infected individuals are assumed to be not
working). The constant G formalizes the resource vol-
ume generated by them per unit time. The second term,
Γρ ρ, formally describes the collective expenses or taxes.
Roughly speaking, the expenses are assumed to be pro-
portional to earnings. Thus, the coefficient Γρ represents
the resource consumption rate. The last term Λ repre-
sents the fixed expenses necessary for keeping some in-
frastructure (e.g. amortization, municipal services, etc.).
In the case of unlimited resource (E ≪ ρ), the equa-
tion for s reduces to the basic SIS (susceptible-infected-
susceptible) model, whose solutions are well studied [6,
7, 12]. The purpose of this paper is to investigate the
effect of nonzero activation parameter E (which we will
also refer to as “activation energy”) on the dynamics of
epidemic described by system (1).
As we understand, if there are no black swan events like
the epidemic, there exists a quasi-stationary equilibrium
state with ρ = ρ(0) = const. It is called the disease-free
equilibrium and is given by the trivial stationary solution
of Eqs. (1):
s(0) = 1, ρ(0) =
G− Λ
Γρ
. (3)
On the other hand, under the stress situations like epi-
demic, the system can go out from the disease-free equi-
librium, with resource depleted. Indeed, another station-
ary solution to the equation for ρ is given by
ρ∗ =
Gs∗ − Λ
Γρ
, (4)
where s∗ is given by the following transcendental equa-
tion:
Gs∗ − Λ
Γρ
log (R0s
∗) = −E. (5)
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Figure 1. Phase diagram with three possible states (for the
case Λ = 0): disease-free equilibrium (I), endemic equilibrium
(II), and collapse (III).
The parameter
R0 =
β
Γi
(6)
is the basic reproduction number. It defines the average
number of transmissions one infected individual makes in
the entire susceptible compartment during the entire time
of being infected. When R0 6 1, the disease-free equilib-
rium is stable, and there is no epidemic outbreak. When
R0 > 1, the disease-free equilibrium is unstable, and
the system evolves to the new equilibrium state {s∗, ρ∗}
called the endemic equilibrium [6, 7].
When E = 0, Eq. (5) has two solutions. The first
solution,
s∗ = R−10 , (7)
is stable at R0 > 1 and defines the endemic equilibrium
point. The second solution s∗ = ΛG is unstable for all R0.
To simplify our further analysis for the case E > 0, we
put Λ = 0. Then Eq. (5) can be rewritten in a simpler
form:
z log z = −E , (8)
where
z = R0s, E = E
R0
ρ(0)
. (9)
For 0 < E < Ec, where Ec = e
−1 ≈ 0.368, Eq. (8) has two
solutions: z1 > Ec (which defines the endemic equilibrium
point) and 0 < z2 < Ec (which is always unstable). For
E = Ec, there is one solution z1,2 = Ec. Finally, there are
no real solutions for E > Ec.
The last case is most important for our consideration.
It means that at some E and R0 there is no stable en-
demic equilibrium because of resource depletion, and the
dynamical system described by Eqs. (1) should collapse
(such a situation is sometimes called the explosive in-
stability). The critical activation energy at which the
system starts to collapse is given by a formula
Ec = ρ
(0) (eR0)
−1
. (10)
Except for the condition 0 6 E < Ec, the endemic
equilibrium point should also meet the requirement of
s∗ < 1, which effectively implies that E < Ee, where
Ee = −ρ
(0) logR0. (11)
Relations (10) and (11) define two critical curves in the
(R0, E) plane which determine the evolution scenario for
dynamical system (1). Depending on the values of pa-
rameters R0 and E, the system can evolve into three
possible states: disease-free equilibrium, endemic equi-
librium, or collapse. Figure 1 shows the corresponding
phase diagram.
The above analysis is supported by the results of nu-
merical integration of Eqs. (1) demonstrated in Fig. 2
(the case R0 < 1) and Fig. 3 (the case R0 > 1). In
these examples we normalized the resource function by
its trivial stationary value ρ(0), which is equivalent to
taking ρ(0) = 1. In this case we have ρ∗ = s∗.
When E = 0, the dynamics of system (1) follows the
basic SIS model. It evolves to the state of disease-free
equilibrium at R0 6 1 [Fig. 2(a)] and to the state of
endemic equilibrium at R0 > 1 [Fig. 3(a)].
When E > 0, some part of the resource is consumed,
and the number of healthy (susceptible) individuals de-
creases [Fig. 3(b)]. There is a critical value Ee defined by
formula (11) at which the system evolves to the endemic
equilibrium even at R0 < 1 [Fig. 2(b)]. This scenario is
impossible in the basic SIS model. When the activation
energy is further increased and becomes larger than the
critical value Ec defined by formula (10), the endemic
equilibrium is no longer stable and the system collapses
to the state s∗ = ρ∗ = 0 [Fig. 2(c,d)]. This means that
all the individuals become infected and there is no re-
source to reverse the epidemic back. The same scenario
is observed in the case R0 > 1 [Fig. 3(c,d)].
When E is above the critical value Ec but still close to
it, the system first tries to occupy the quasi-stationary
endemic state (which is unstable). This process can take
quite a long time and then the system finally collapses
[Figs. 2(c) and 3(c)]. It resembles the well-known “devil’s
staircase” pattern [18]. At larger activation energies, the
collapse is very fast with no intermediate quasi-stationary
evolution [Figs. 2(d) and 3(d)].
The simplified SIS-like model and example considered
in this paper demonstrate that in the case of limited re-
source (E > 0), there exists a certain critical point for
any basic reproduction number R0 at which the system
collapses and can no longer stabilize and return to the
stable pre-epidemic or after-epidemic state. This fact
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Figure 2. The number density of susceptible individuals and normalized resource function as functions of time in the case
R0 < 1 (β = 0.15 T
−1). Other parameters were taken equal to T = 1 day, Γi = 0.2 T
−1, Γρ = G = 0.1 T
−1, Λ = 0. The initial
conditions are i0 = 0.1, ρ0 = 1.
provides a clear illustration to the global pandemic sce-
nario of the world never being the same again after the
epidemic.
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